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UNBOUNDED OPERATORS IN HILBERT SPACE, DUALITY RULES, 
CHARACTERISTIC PROJECTIONS, AND THEIR APPLICATIONS 

PALLE JORGENSEN, ERIN PEARSE AND FENG TIAN 


Abstract. Our main theorem is in the generality of the axioms of Hilbert space, and the 
theory of unbounded operators. Consider two Hilbert spaces such that their intersection 
contains a fixed vector space We make precise an operator theoretic linking between such 
two Hilbert spaces when it is assumed that ^ is dense in one of the two; but generally not 
in the other. No relative boundedness is assumed. Nonetheless, under natural assumptions 
(motivated by potential theory), we prove a theorem where a comparison between the two 
Hilbert spaces is made via a specific selfadjoint semibounded operator. Applications include 
physical Hamiltonians, both continuous and discrete (infinite network models), and operator 
theory of reflection positivity. 
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1. Introduction 

Quantum-mechanical observables, such as Hamiltonians, momentum operators etc, when 
realized in quantized physical systems take the form of selfadjoint operators. The case of 
positive measurements dictate semibounded and selfadjoint realization. For this to work, two 
requirements must be addressed: (i) choice of appropriate Hilbert space(s); and (ii) choice of 
selfadjoint extension. However from the context from physics, the candidates for observables 
may only be formally selfadjoint, also called Hermitian. Hence the second question (ii). Even 
if the initial Hermitian operator might have a lower bound, lower bounds for its selfadjoint 
extensions is not automatic. There are choices. They dictate the physics; and conversely. 
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Now, there are families of selfadjoint extensions which preserve the initial lower bound. This 
is the extension theory of Friedrichs and Krein; see e.g., [AD98, KL80]. Examples include free 
particles on an interval, particles in a number of potential fields including delta-like potentials, 
the one-dimensional Calogero problem, the Aharonov-Bohm problem (see e.g., [Par95, CS14, 
Mucl5, HSWY16]), and the relativistic Coulomb problem; and precise solutions to quantization 
problems must flesh out the physical selfadjoint operators their spectral resolutions. 

The setting for our main theorem (Section 4) is a given pair: two fixed Hilbert spaces, such 
that their intersection contains a fixed vector space . In many applications, when feasible, it 
is of interest to make a precise linking between such two Hilbert spaces when it is assumed that 
^ is dense in one of the two; but generally not in the other. It is easy if the two Hilbert spaces 
are given as !?• (fii) spaces; then the natural means of comparison is of course via relative 
absolute continuity for the two measures; and then the Radon-Nikodym derivative serves the 
purpose. Section 5. 

Rather, the setting for our main result below is the axioms of Hilbert space, and the theory of 
unbounded operators. In this generality, we will prove theorems where a comparison between 
the two is made instead with a specific selfadjoint semibounded operator, as opposed to a 
Radon-Nikodym derivative. Of course the conclusions in spaces will arise as special cases. 

Our motivation comes from any one of a host of diverse applications where the initial pairs of 
Hilbert spaces are not given as spaces, rather they may be Dirichlet spaces, Sobolev spaces, 
reproducing kernel Hilbert spaces (RKHSs), perhaps relative RKHSs; or energy-Hilbert spaces 
derived from infinite networks of prescribed resistors; or they may arise from a host of non- 
commutative analysis settings, e.g., from von Neumann algebras, Voiculescu’s free probability 
theory [CGJ16, Voil4], and more. 

A particular, but important, special case where the comparison of two Hilbert spaces arises 
is in the theory of reflection positivity in physics. There again, the two Hilbert spaces are 
linked by a common subspace, dense in the first. The setting of reflection positivity, see e.g., 
[JOOO, GJ87], lies at the crossroads of the theory of representations of Lie groups, on the one 
hand, and constructive quantum held theory on the other; here “reflection positivity” links 
quantum fields with associated stochastic (Euclidean) processes. In physics, it comes from the 
desire to unify quantum mechanics and relativity, two of the dominating physical theories in 
the last century. 

In the mathematical physics community, it is believed that Euclidean quantum fields are 
easier to understand than relativistic quantum fields. A subsequent transition from the Eu¬ 
clidean theory to quantum held theory is then provided by reflection positivity, moving from 
real to imaginary time, and linking operator theory on one side to that of the other. An impor¬ 
tant tool in the correspondence between the Euclidean side, and the side of quantum fields is a 
functorial correspondence between properties of operators on one side with their counterparts 
on the other. A benefit of the study of reflection is that it allows one to take advantage of 
associated Gaussian measures on suitable spaces of distributions; hence the reflection positive 
Osterwalder-Schrader path spaces and associated Markov processes; see [GJ87]. Other appli¬ 
cations to mathematical physics include [KGDM13, Marl5, NJ15], and to Gaussian processes 
with singular covariance density [AJS14, AJLll]. 

Our paper is organized as follows. Section 2 spells out the setting, and establishes notation. 
Let T be an operator between two Hilbert spaces. In Section 3, we study the projection onto the 
closure of graph(T). We show among other things that, if T is closed, then the corresponding 
block matrix has vanishing Schur-complements. We further give a decomposition for general T 
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into a closable and a singular part. Section 4 continues the study of general operators between 
two Hilbert spaces; Theorem 4.1 is a structure theorem which applies to this general context. 
Diverse applications are given in the remaining 4 sections, starting with Noncommutative 
Radon-Nikodym derivatives in Section 5, and ending with applications to discrete analysis, 
graph Laplacians on infinite network-graphs with assigned conductance functions. 


2. The setting 

In this section we recall general facts about unbounded operators, and at the same time we 
introduce notation to be used later. 

Our setting is a fixed separable infinite-dimensional Hilbert space. The inner product in 
is denoted (•, •), and we are assuming that (•, •) is linear in the second variable. If there is 
more than one Hilbert space, say M’i, i = 1,2, involved, we shall use subscript notation in the 
respective inner products, so (•, •)j is the inner product in 

T 

Let and be complex Hilbert spaces. If M’l represents a linear operator from 

into we shall denote 

dom (T) = {i^ e I Tip is well-defined} , (2.1) 

the domain of T, and 

ran (T) = {Tip \ ip € dom (T)} , (2.2) 

the range of T. The closure of ran{T) will be denoted ran{T), and it is called the closed 
range. 

Remark 2.1. When dom(T) is dense in (as we standardly assume), then we write T : 
—>■ or with the tacit understanding that T is only defined for ip G dom (T). 

Definition 2.2. Let T : —>■ be a densely defined operator, and consider the subspace 

dom (r*) C M’l defined as follows: 

dom{T*) =1^2 G I 3(7 = Ch 2 < oo, s.t. |(h 2 ,r:^) 2 l < <7 ||(/3||;i 

holds for Wp G dom (T)|. (2.3) 

Then by Riesz’ theorem, there is a unique rj G for which 

{'n^T)i = {h 2 ,Tp).^, h 2 e dom{T*), p £ dom{T), (2.4) 

and we define the adjoint operator by T*h 2 = rj. 

It is clear that T* is an operator from 7^ into 


T 



T* 


Definition 2.3. The direct sum space 
product 




■01 

ip2_ 

5 

.■ 02 . 


7^ 0 7^ is a Hilbert space under the natural inner 




(2.5) 
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and the graph of T is 


Gt := 




ip e dom (T) > C 0 M’ 2 - 


( 2 . 6 ) 


Definition 2.4. Let T : be a linear operator. 

(1) T is closed iff the graph Gt in (2.6) is closed in 0 ,J^ 2 - 

(2) T is closable iff Gt is the graph of an operator. 

(3) If ( 2 ) holds, the operator corresponding to Gt, denoted T, is called the closure, i.e., 

Gt = Gj,. (2.7) 

Remark 2.5. It follows from (2.6) that T is closable iff dom{T*) is dense in see Theorem 
2.8. It is not hard to construct examples of operators —> M 2 with dense domain in 
M\ which are not closable [RS72]. For systematic accounts of closable operators and their 
applications, see [Sto51, j 0 r 8 O]. 

Definition 2.6. Let V be the unitary operator on M x M, given by 




-if 

.Y. 


. P . 


Note that = —I, so that any subspace is invariant under . 

The following two results may be found in [RS72] or [Rud91]; see also [Schl2]. 
Lemma 2.7. If dom (T) is dense, then Gt* = {VGt)^ ■ 

Proof. Direct computation: 

e Gt* {Tp, (f) = {r], if), e dom (T) 


p 


--Trf 

Y. 

5 



= 0, V 77 G dom (T) 


e {vGtY 


□ 


Theorem 2.8. If dom (T) is dense, then 
(!) T* is closed. 

(2) T is closable dom{T*) is dense. 

(5) T is closable (T)* = T*. 

Proof. (1) This is immediate from Lemma 2.7, since U'^ is closed for any U. 
For (2), closability gives 

Gj. = GY= (G^)^ ={V'^G^)^ V^ = I 

= (v{VGTfy 

= {VGt*)^ 


V is unitary 
part ( 1 ) . 
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If dom{T*) is dense, then (1) applies again to give 
For (3), we use (1), then (2) again: 

□ 

Definition 2.9. An operator T : —)■ is bounded iff dom (T) = M\ and there is C < oo 

for which ||T (/?||2 < Vtp S In this case, the norm of T is 

||T|| :=inf{C| ||r(^|| 2 <C||:^||i, (2.8) 

and it satisfies 

||T|| = ||T*|| = ||r*T||^/^ (2.9) 

Sometimes, we clarify the notation with a subscript, e.g., ||T|| and 

Theorem 2.10 (von Neumann [vN31, Rud91]). Let Jffi, i = 1,2, be two Hilbert spaces, and let 
T be a closed operator from into J^f 2 having dense domain in M\; then T*T is selfadjoint 
in M\, TT* is selfadjoint in J^ 2 , both with dense domains; and there is a partial isometry J 
from into Jtf 2 such that 

T = J{T*Ty = (TT*)Kj (2.10) 

holds on dom{T). (Equation (2.10) is called the polar decomposition ofT.) 


3. The characteristic projection 


While a given linear operator between a pair of Hilbert spaces, say T, may in general have 
subtle features (dictated by the particular application at hand), the closure of graph(T) will 
be a closed subspace of the direct sum-Hilbert space, and hence the orthogonal projection 
onto this subspace will be a block matrix, i.e., this projection is a 2 x 2 matrix with bounded 
operator-entries. Stone suggested the name, the characteristic projection. It will be studied 
below. Our result Theorem 3.11 is new. We further show (Corollary 3.9) that every closed 
operators T has vanishing Schur-complements for its characteristic block-matrix. 

The characteristic projection was introduced and studied by Marshall Stone in [StoSl] as a 
means of understanding an operator via its graph. For more background, see [j0r8O, Schl2]. 

A B 

If J^i, i = 1,2,3 are Hilbert spaces with operators —)■ then the domain 

of BA is 

dom (BA) := {ip S dom (A) \ Aip G dom (B)} , 

and for x G dom (BA), we have (BA) x = B {Ax). In general, dom {BA) may be {0}, even if 
A and B are densely defined; see Example 5.3. 


T 

Definition 3.1 (Characteristic projection). For a densely defined linear operator 

the characteristic projection E = Et of T is the projection in 0 onto Gt, where 


Ell Ei2 
E21 E22 


and the components are bounded operators 


(3.1) 


Ay : 




hj = 1,2. 


(3.2) 
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. 3 «{ 


Figure 3.1. A diagram indicating why TEn = A 21 ; see (3.7) and (3.8). 


Remark 3.2. Since A is a projection, we have E = E* = E'^, where E = E* implies 

All = El, > 0, E,2 = A*i, A 21 = A 22 = > 0, (3.3) 

where the ordering refers to the natural order on selfadjoint operators, and also E = E'^ implies 

Eij = EiiEij + Ei2E2j, i,j = 1, 2. (3-4) 


Lemma 3.3. If U is any unitary operator on and C is a subspace, then the 
orthogonal projection (Uis given by 


proj 


(UJfr =I-UPU*, 


(3.5) 


where P = Pj^r is the projection to . 


Proof. It is obvious that (3.5) is selfadjoint and easy to check that it is idempotent. It is also 
easy to check that ((/ — UPU*) tp, Utp) = 0 whenever tp G .Jd. □ 


Lemma 3.4. Let E = Et be the characteristic projection of a closable operator T. In terms 

rp* 

of the components (3.2), the characteristic project of J ^2 - > in 3^2 © J^iis given by 


Ej'^ = 


I — E 22 
Ei2 


E21 

/-All 


(3.6) 


Proof. Since T is closable, we know dom (T*) is dense (Theorem 2.8). Then (3.6) follows from 
the identity Gt* = {VGt)'^ of Lemma 2.7, which indicates that Et* = I — VEV*. □ 


Remark 3.5. Since the action of T can be described in terms of (3.2) as the mapping 


Aii^J 

T ^ 

E 21 P 

_Ei2lp_ 


E22'tp 


it is clear that 

for example, by putting ip 


TEii — E 21 and TE 12 — E 22 , 

0 or i/) = 0 in (3.8); cf. Figure 3.1. Similarly, (3.6) yields 


T* (/ — E 22 ) — Ai 2 and T*E 21 — I — An. 


(3.7) 

(3.8) 

(3.9) 


Theorem 3.6 ([Sto51, Thm. 4]). The entries of E = Et are given in terms of T by 


T(/ + r*T)"^ TT* {I + TT*)~^ 


(3.10) 
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Proof. Applying T* to (3.8) and then using (3.9) gives T*TEii = T*E2i = I — Eu, which can 
be solved for Eu as Eu = (J + T*T)~^ , whence another application of T (and (3.8)) gives 
E21 = r(/ + r*T)"\ 

Now applying T to (3.9) and then using (3.8) gives TT* (J — E22) = TE12 = E22, whence 
I — E22 = {I + TT*)~^ => Ei2 = T* {I + TT*)~^, by (3.9), and applying T to this last one 
gives E22 = TT* (J + rr*)"\ □ 

Remark 3.7. Many more identities can be recovered from (3.7) in this way. For example, 
applying T* to (3.8) and then using (3.9) also gives T*TEi2 = T*E22 = T* — E12, which can 
be solved these for E12 to give 

Ei 2 = {I + T*T)~^T*. (3.11) 

Now applying T to (3.9) and then using (3.8) gives 

TT*E2i =T{I- Ell) = T- E 21 , and 
TT* {I - E22) =TEi2 = E22. 

Solving these for E22 and E21, respectively, gives 

E21 = {I+ TT*)~'^T, ^22 = (/ + TT*)"^rr*. ( 3 . 12 ) 

On the other hand, applying (3.8) to (3.11) gives E22 = T {I + T*T)~^ T* , and applying 
(3.9) to (3.12) yields 

I- Ell =T*T{I + T*T)~\ 

I-E 22 =I-{I + TT*)~^ TT*, 

Ell =/-T*T(i + r*r)"\ 

Ei 2 =T* -T* {I + TT*)~^ TT*. 

A summary of the above: 

Ell = {I + T*T)~^ = I - T*T (1 + T*T)~^ , 

Ei 2 = (j + t*T)~^ T* = T* {I + j'T*)~^ = X* — T* (I + XT*)~^ TT*, 

E21 = {I+ TT*)~^T = T{I + T*T )~^, 

E22 = xTT*)~^TT* = TT* {1 + TT*)~^ =/-(/ +TT*)"^ TT*. 

Definition 3.8. For a matrix X with block decomposition 

^ _ U B 
[c d\' 

the Schur complements (see [Zha05]) are 

XfA-.= D-CA-^B and X/D := A- BD-^C. (3.13) 

Corollary 3.9. A closed operator T has Schur complements 


Et / Ell = Et/E22 = 0 . 
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Proof. Computing directly from (3.10) substituted into (3.13), we have 

Et/Eii = TT* (J + TT*)~^ - T (J + T*T)~^ (^{I + V* (/ + TT*)~^ 

= TT* (/ + TT*)~^ - T (/ + T*T)~^ (/ + T*T) T* (/ + TT*)~^ 

= TT* (J + TT*)~^ - TT* (/ + TT*)~^ = 0, and 

Et/E 22 = {I + T*T)~^ -T* {i + TT*)~^ (tt* {i + tt*)~^^ V(/ + r*r)"^ 

= (/ + T*T)~^ -T* {I + TT*)~^ {I + TT*) {T*)~^ T-^T (/ + T*T)~^ 

= {I + T*T)~^ - (/ + T*T)~^ = 0. 

□ 


Lemma 3.10 ([Sto51, Thm. 2]). Let T be a densely defined linear operator and let E = Et 
be its characteristic projection, with components (Lio), as in (3.2). Then T is closable if 
and only if her (J — E 22 ) = 0, i.e., iff 


Vl/J e J^2, E22f} = '0 => '0 = 0. 


Proof. Note that E fixes Gt by definition, so 


0 

0 


€ Gt is equivalent to 


'o' 


£11 

£12 


'o' 


£ i 20 

.V'. 


_E21 

E22_ 




A220 


which is equivalent to 0 € ker {E 12 ) n ker (/ — £’ 22 )- However, from (3.9), we have 


T* (0 - £220) = Ei2'if, V0 e 


and this shows that ker (/ — £ 22 ) C ker (£ 12 ), whereby 
clear that T is closable iff such a 0 must be 0. 


G Gt iff 0 S ker (/ — £ 22 ). It is 

□ 


Theorem 3.11. Let T : —>■ be a densely defined linear operator (not assumed closable) 

with characteristic projection Et as in Definition 3.1. Then T has a maximal closable part 
Tcio, defined on the domain dom (Tdo) ■= dom (T), and given by 


EcloO^ 


lim - 

n—foo n + 1 


J2kE^ff'^E2ix, 

k=l 


X G dom ( Tcio ) ■ 


(3.14) 


Let Q be the projection onto (/ — £ 22 ) = ker (/ — £ 22 )"*" • Then the characteristic projection 

of Tcio is given by 




Ell E12Q 
QE21 E22Q 


(3.15) 


Proof. An application of ergodic Yosida’s theorem and the associated the Cesaro mean, see 
e.g., [Yos65]. □ 
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4. A DUALITY THEOREM 

In this section we return to the setting where a pair of Hilbert spaces and M’l with the 
following property, there is a common subspace which in turn defines an operator from 
to ^ 2 - Its properties are given in Theorem 4.1 below. 

Theorem 4.1. Let Mi be Hilbert spaces with inner products (•, •)^, i = 1,2. Let ^ be a vector 
space s.t. & a M\ n and suppose 

^ is dense in M\. (4-1) 

Set 9* d Ml, 

M = {h^Mi\^Ch<^ s.t. \{^,h)2\<ChM\^,^^&9}- (4.2) 

then the following two conditions (i)-(ii) are equivalent: 

(z) 9* is dense in Mi; and 

(a) there is a selfadjoint operator A with dense domain in M\ s.t. 9 C dom (A), and 

{^,^L>)i = \W\\l. (4.3) 

Proof, (i)^^(ii) Assume 9* is dense in Mi; then by (4.2), the inclusion operator 

J : M\ —> Ml, Jip = ip, \/p € 9 (4-4) 

has 9* C dom{J*); so by (i), J* has dense domain in Mi, and J is closable. By von Neumann’s 

theorem (see Theorem 2.10), A := J* J is selfadjoint in M\; clearly 9 C dom (A); and for 
P e 9, 

LHS(4.3) = {P. = {JP, Ml = , \W\\l = RHS(4,3). 

by (4.4) 

(Note that J** = J.) 


Claim 4.2. 9* = dom{J*), 9 C Mi Mid 9* 


Proof, h S dom{J*) 4=^ 3C = Ch < oo s.t. 

\{ Jp , h) 2 \ < C ||y)||j ,\lp € 9 h S 9*, by definition (4.2). 

=‘p 

Since dom{J*) is dense, J is closable, and by von Neumann’s theorem A := J* J is selfadjoint 
in Ml. □ 

(ii)^(i) Assume (ii); then we get a well-defined partial isometry K : Mi — Mi, by 

KA^p = p, \/p G 9. (4.5) 

Indeed, (4.3) reads: 

\\^^p\\l = {p^M)i = M\l. p&st, 

which means that K in (4.5) is a partial isometry with dom{K) = K*K = ran{A^); and we 
set A = 0 on the complement in Mi. 

Then the following inclusion holds: 


{hGMi\ K*h G (iom(A5)} C 9*. 


(4.6) 
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We claim that LHS in (4.6) is dense in and so (i) is satisfied. To see that (4.6) holds, 
suppose K*h G doTO(A 2 ); then for all G we have 


l(^:V2)2l = {h,KAi(p)2 

{K*h,A^ip)i (by (4.5)) 

= (A5iG*h,<^)i < \\A-^K*hUip\\u 


where we used Schwarz for (•, •)]^ in the last step. 


□ 


Corollary 4.3. Let ^ C n he as in the statement of Theorem 4-1, and let J : 
M 2 be the associated closable operator; see (4-4) ■ Then the complement 

M 2 Q 9 = {h & M 2 \ {^,h)^ = 0, \/ip e 9} 
satisfies M 2 Q 9 = ker{J*). 


Proof. Immediate from the theorem. 


□ 


The following result is motivated by the operator-correspondence for the case of two Hilbert 
spaces Mi, i = 1,2, when the second M 2 results as a reflection-positive version oiM\, see [JOOO] 
for more details. 


Theorem 4.4. Let 9 C M\ D M 2 satisfying the condition(s) in Theorem 4-1, and let A be 
the associated selfadjoint operator from (4-3). Let U he a unitary operator in M\ which maps 
9 into dom{A), and s.t. 

AUg} = U-^Aip (= U*Aip) (4.7) 

holds for all ip € 9. 

Then there is a selfadjoint and contractive operator U on M 2 such that 

{Up,'ip)2 = {AUp,'if)^ 

= {Up,Af;),, \/p,fje9. (4.8) 


Proof. Step 1. We first determine Up G Mi. We show that the following estimate holds for 
the term on the RHS in (4.8): For p,fi 9, we have 

\{AUp,'fi)fi = \{U*Ap,'if)fi (by (4.7)) 

= l(A:^,C/V')il = \{p,AUil})fi\ = \{p,Uf))fi < \\Uf)\\^ WpW^ 
since Ufi G dom (A) by the assumption. Now Hx p € 9, then by Riesz, there is therefore a 
/12 S M 2 such that (A{7(p, i/j) = ((^,^ 2 ) 2 , and we set Uif = ^ 2 . 

Step 2. Relative to the ,^-inner product (•, •) 2 , we have 

{Up,ilf)2 = {p,Ufi)2, \/p,'ife9. (4.9) 


Proof of ( 4 . 9 ): 

LHS(4.9) = (AC/^,i/;)2 

= {U*Ap,'if)^ (by (4.7)) 

= (A<^, Uf,), = {p, AUf,), = {p, Ufi)2 = RHS(4.9) 


Hence U* = U, where * here refers to (•, •) 2 . 
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Step 3. U is contractive in Let (p G and estimate the absolute values as follows: 


{Up,p)2 


\{U(p,A(p)^\ 


< {Up,AUp}! {p,Ap}! 

= {U‘^ip,Ap)l {p,Alp)1 

< {U^ip,Ap)l {p,Aip)l^^ 

< • • • 


(by Schwarz) 

(by Schwarz) 
(by induction) 


Taking the limit n —> oo, we get \{Uip,ip) 2 \ < \W\\% since \\p>\\\ = {p^Ap)^ by the theorem. 
Since U* = U hy Step 2, we conclude that 

l!C/:p||2< 11^112, (4.10) 


Step 4. To get contractivity also on we finally extend U, defined initially only on the 
closure of ^ in By Corollary 4.3, we may set [/ = 0 on ker{J*) in □ 


Corollary 4.5. Let ^ C n and suppose the condition(s) in Theorem 4-1 are satisfied. 
Set Ai = J* J, and A 2 = JJ*, i.e., the two selfadjoint operators associated to the closed 
operator J from Claim 4-2. Let K be the partial isometry in (4-5); then 

WtWI = {Kp, A^Kp).^ , V(/5 e (4.11) 

Proof. We shall apply Theorem 2.10 to the closed operator J. By Theorem 4.1 (ii), we have 

WtWI = = \\Jt\\1 

= \\a\kp\\1 (byThm. 2.10) 

= {K(p,A2K(p).^ 

which is the desired conclusion (4.11). □ 


5. NONCOMMUTATIVE LeBESGUE-RADON-NiKODYM DECOMPOSITION 

The following Examples illustrate that Theorem 4.1 may be considered a non-commutative 
Radon-Nikodym theorem. (Also see [JP16].) 

Example 5.1 (/i 2 ^ Li)- Let {X,3§) be a cr-compact measure space. Let pi, i = 1,2, be two 
regular positive measures defined on {X, S§). Let Jifi := Lp' {pi), i = 1,2, and set & := Cc (A). 
Then the conditions in Theorem 4.1 hold if and only if p 2 ^ pi (relative absolute continuity). 

In the affirmative case, let / = dp 2 /dpi be the corresponding Radon-Nikodym derivative, 
and set A := the operator in Lp {pi) of multiplication by / (= dp 2 /dpi), and (4.3) from the 
theorem reads as follows: 

{(p,A(p)^= ( \ip\^fdpi= [ dp2 = \\p\\l, ypeCciX). 

Jx Jx 

The link between Example 5.1 and the setting in Theorem 4.1 (the general case) is as 
follows. 
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Theorem 5.2. Assume the hypotheses of Theorem 4-.1. Then, for every Lp £ there is a 
Borel measure on [0, oo) such that 

ll'y^’lli = ([0,cx))), anrf (5.1) 

POO 

WtWI = / W ■ (5-2) 

Jo 

Proof. By Theorem 4.1, there is a selfadjoint operator A = J*J satisfying (4.3). Let 

Ea '■ ^([0,oo)) —>■ projections in 

be the associated projection-valued measure (i.e., A = XEa {dX)), and set 

df,^{X) = \\E^{dX)p>\\l (5.3) 

Then it follows from the Spectral Theorem that the conclusions in (5.1) and (5.2) hold for 
in (5.3). □ 

Example 5.3 (/i 2 -L ^i). Let X = [0,1], and consider {X,p) for measures A and p, which 
are mutually singular. For concreteness, let A be Lebesgue measure, and let p be the classical 
singular continuous Cantor measure. Then the support of p is the middle-thirds Cantor set, 
which we denote by K, so that p (K) = 1 and A {X\K) = 1. The continuous functions C (A) 
are a dense subspace of both L? (A, A) and Lf {X,p) (see, e.g. [Rud87, Ch. 2]). Define the 
“inclusion” operator^ J to be the operator with dense domain C (A) and 

J : C (A) C (A, A)— >L^{X,p) by J(f = (p. (5.4) 

We will show that dom{J*) = {0}, so suppose / € dom{J*). Without loss of generality, 
one can assume / > 0 by replacing / with |/|, if necessary. By definition, / € dom{J*) iff 
there exists g & Lf (A, A) for which 

[ Tfdp= f ipgdX = {(p,g)^, ^(p G C {X). (5.5) 

Jx Jx 

One can choose (v^n)^i C C (A) so that <^„|^ = 1 and lim„_,,oo <PndX = 0 by considering 
the appropriate piecewise linear modifications of the constant function 1. For example, see 
Figure 5.1. Now we have 

((^„,J*/)A = (¥^n,/)^ = (l,/)^= / I/I d/J, VneN, (5.6) 

but lim„_>oo /x dA = 0 for any continuous g G Lf (A, A). Thus /x I/I dp = 0 , so that 
/ = 0 p-a.e. In other words, f = 0 G Lf{X,p) and hence dom{J*) = {0}, which is cer¬ 
tainly not dense! Thus, one can interpret the adjoint of the inclusion as multiplication by 
a Radon-Nikodym derivative (“J*/ = /^”)j which must be trivial when the measures are 
mutually singular. This comment is made more precise in Example 5.1 and Theorem 5.2. As 
a consequence of this extreme situation, the inclusion operator in (5.4) is not closable. 


^As a map between sets, J is the inclusion map C (X) ^ {X, fi). However, we are considering C (X) C 

{X, X) here, and so J is not an inclusion map between Hilbert spaces because the inner products are different. 
Perhaps “pseudoinclusion” would be a better term. 
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Figure 5.1. A sequence C C (X) for which = 1 and 

lim„_>oo Jx V’ndX = 0. See Example 5.3. 


Remark 5.4. Using the theory of iterated function systems (IFS), it can be shown that for 
Example 5.3, the inclusion in (2.6) is actually an equality, i.e., 

G^ = L^ (A) 0 ifi). 


Note that A and p are both attractors of IFSs, in the sense of Hutchinson [HutSl]. Indeed, 
the respective IFSs on [0,1] are both given by 


51 (t) = 


S 2 (x) 


a; + r 1 

TTlJ’ 


where r = 1 for Lebesgue measure and r = 2 for the Cantor measure. 


6. The general symmetric pairs 


In this section we consider general symmetric pairs (A, B), and we show that, for every 
symmetric pair (A, B), there is a canonically associated single Hermitian symmetric operator 
L in the direct sum-Hilbert space, and we show that L has equal deficiency indices. The 
deficiency spaces for L are computed directly from (A, B). 

A 

Given , both linear, and assume that dom{A) is dense in A^, and dom{B) 

B 

is dense in A^. Assume further that 


(Am, 11)2 = (m, Bv)^ , Vm S dom (A) , v G dom (B). 

Theorem 6.1. On := © A^, set 

Xjx G dom (A) , \/y G dom {B ), 
then L is symmetrie (i.e., L C L*) with equal deficiency indices, i.e.. 


X 


By 

y. 


Ax 


( 6 . 1 ) 


( 6 . 2 ) 

(6.3) 


for all (,,r] G dom {L) = dom (A) © dom [B). 


Proof. The non-trivial part concerns the claim that L in (6.2) has equal deficiency indices, i.e., 
the two dimensions 


dim{^± G dom [L*) \ = ±iC±} 


(6.4) 


equal; we say d+ = d_. 

Let u G A^, V G A^; then by Section 2, we have 


u 

V 


G dom {L*) [m G dom {B *), v G dom (A*)]; 
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and then 


Now consider the following subspace in 


u 


'A*v 

V 


B*u 


(6.5) 


DEF := 




I u S dom {A*B*), V € dom {B*A*) , and 
A*B*u = -u, B*A*v = -pj. 


( 6 . 6 ) 


We now prove the following claim: The vectors in (6.4) both agree with dim (DEF), see (6.6). 
u 


To see this, let 


and similarly. 


G DEF, and note the following equations must then hold: 


u 


{iB*u) 


—iu 


u 

iB^'u 

by (6.5) 

B*U 

by (6.6) 

B^u 


iB^u 


L* 


u 


u 

—iB^'u 

— z 

—iB*u 


(6.7) 

( 6 . 8 ) 


The conclusions reverse, and we have proved that L is densely defined and symmetric with 
deficiency indices 

(d+, d_) = (dim (DEF), dim (DEE)). 

□ 


Since L has equal deficiency indices we know that it has selfadjoint extensions; see [vN31, 
DS88]. Moreover, the selfadjoint extensions of L are determined uniquely by associated partial 
isometries C between the respective deficiency spaces. Since we know these deficiency spaces, 
see (6.7) & (6.8), we get the following: 


Corollary 6.2. Let A, B, and L be as above, then TFAE: 

{i) L is essentially selfadjoint, 


(a) {hi G dom {A*B*) \ A*B*hi = —hi} = 0, 

(w) {ft.2 G dom {B*A*) I B*A*h2 = — /12} = 0. 

Example 6.3 (Defects {d+,d-) ^ (0,0)). Let J be a finite open interval, ^ := Cf (J), i.e., 
compact support inside J, Mi = L? (J), and 


Ml := |functions / on J/ {constants} s.t. H/H^^ ■“ J ^ 

and is the Hilbert space obtained by completion w.r.t. 

On ^ B (fi, set A(p := ip mod constants; and Bf := —/" = — gyl for / such that /" G Lf 
and /' G Lf (the derivatives in the sense of distribution.) Then {Aip, f) holds. 

" 0 b' 

So {A, B, Ml, Ml) is a symmetric pair, and ^ q is Hermitian symmetric with dense 


domain in M = 
that = -e^. 


. One checks that the exponential function is in dom (A*B*), and 
Conclusion, the operator L has deficiency indices {d+, d-) ^ (0,0). In fact, {d+, d_) = (2, 2). 
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Remark 6.4. 
'0 B 
A 0 


L = 


If the finite interval J is replaced by (—oo, oo), then the associated operator 
will instead have indices {d+,d-) = (0,0). 


Definition 6.5. Let L = 


0 B 
A 0 


spaces Ni and N-i are as follows: 


be as in (6.2) acting in 


The deficiency 


N, (L*) = {e G dom (L*) | L*^ = 

N_i {L*) = {77 G dom (L*) \ L*r] = -ir]} . 

We also set 

N_i {A*B*) = {hG dom {A*B*) \ A*B*h = -h} . 


Lemma 6.6. The mapping ip : iV_i [A*B*) —> N-i (L*) by 


p{h) = 


h 

iB*h 


, yhG N_i{A*B*), 


defines a linear isomorphism. 

Similarly, if : iV_i {A*B*) —> Ni (L*), by 


i’ih) = 


h 

—iB*h 


, yh G N_i {A*B*) 


is a linear isomorphism from fV_i [A*B*) onto Ni {L*). 
Thus the two isomorphisms are both onto: 


iV_i {A*B*) 



iV_., {L*) 


m{L*) 


(6.9) 

( 6 . 10 ) 

( 6 . 11 ) 

( 6 . 12 ) 

(6.13) 


Proof. Let h G N-i {A*B*), and compute 


h 


■ 0 

A*' 


h 


—ih 


h 

iB*h 


B* 

0 


iB*h 


B*h 


iB^h 


So p {N-i {A*B*)) C N-i (L*). But p is also onto, since 


hi 

h2 


G fV_, [L*) 



or equivalently. 


iA*h2 = -ihi\ 
\B*hi = -ih2) ' 


So we get A*B*hi = —hi, and /i 2 = iB*hi. Thus, 


'hi' 


hi 



iB*hi 


Gp{N_i {A*B*)) 


which is the claim in (6.12). The proof of (6.13) is similar. 


□ 
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Remark 6.7. By von Neumann’s formulae (see [DS 88 ]), we have 

dom {L*) = dom {L) + Ni (L*) + N_i {L*) , (6.14) 

and there is a bijection between selfadjoint extensions M, i.e., M C L C L*, M = M*, and 
partial isometries C : Ni (L*) —>■ N-i (L*), such that M = Lq has 

dom (Lc) = {(f + + Cili+ I (p G dom (L) , ip G Ni {L*)} . (6.15) 


Remark 6 . 8 . Note that if / = + ip+ + ip- G dom (L*), with p G dom (L), ip± G N±i {L*), 

then 

i ((/, L*f) - {L*f, /)) = ||i/-+f - \\iP-f , (6.16) 

where the RHS of (6.16) can be seen as a generalized boundary condition. So the extensions 
M of L correspond to partial isometries C : Ni (L*) -G N-i (L*). 


Corollary 6.9. A partial isometry 

^ _ [Cn Ci2 

^ 

O21 022_ 

in 0 ,^1 which determines a selfadjoint extension of L satisfies 


(6.17) 


C22Cf^^ (Cn -Q) + Cfi (Cn -Q)Q = C 21 (6.18) 

where Q : ker {A*B* + —> ker [A*B* + /.^j) is a linear automorphism. (See the diagram 

in Figure 6.1.) 


Proof. By Lemma 6 . 6 , the two deficiency spaces of L are 


iV±,(L*):= 


u 

TiB*u 


u G ker {A*B* + 1) 


Indeed, one checks that 


u 


■ 0 

A*' 


u 


u 

-iB^u 


B* 

0 


-iB^u 

= i 

—iB^u 


and so 


u 

-iB*u 


G Ni {L*), with u satisfying A*B*u 


—u. The verification for N-i [L*) is 


similar. 

By the general theory of von Neumann (see [DS 88 ] and Remark 6.7), the selfadjoint exten¬ 
sions Lc L are determined by partial isometries C : Ni (L*) -G N-i (L*), equivalently, C 
induces a linear operator Q : ker {A*B* + 1) —)■ ker {A*B* + 1). 

Use ( 6 . 6 ), (6.7) and ( 6 . 8 ) we see that every partial isometry C = {Cij)^.^^ as in (6.17) must 
satisfy 


Cii 

Cl2 


U 


Qu 

_C2l 

C 22 


-iB*u 


iB*Qu 


CiiM — Ci 2 iB*u = Qu 
C 21 U — C 22 iB*u = iB*Qu 


It follows that Ci 2 iB* = Cn — Q, and C 22 'iB* + iB*Q = C 21 . Hence 

C22Cf^ (Cn - Q) + (Cn - Q) Q = C 21 , 
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which is the assertion in (6.18). 


□ 


N_i {A*B*) -——^ iV_i 



Figure 6.1. The linear operator C in N_i {A*B*) induced by C : Ni (L*) —>■ N_i {L*). 


Remark 6.10. Let C : Ni (L*) —>■ N-i (L*) be a partial isometry w.r.t. the norm, i.e., 

II ||2 II ||2 . 2 


Ijf “ IHli + IMl 2 - conclude that 

Hull? + \\B*u\\l = WQuWl + \\B*Qu\\l , Vu G lV_i {A*B *), 


(6.19) 


where Q := C. 

It may occur that A and B are not closed; if not, refer to the corresponding closures. Recall 
that A = A*, B = B*. Then (6.19) takes the equivalent form 

h+BB* =Q*Q + Q*BB*Q (6.20) 

as an operator identity in {A*B*). Equivalently (the norm preserving property) 

h+BB* = Q*{I + BB*)Q, (6.21) 

and so this is the property of Q which is equivalent to the partial isometric property of C. 


0 B 
A 0 


Corollary 6.11. Fix L = 

by all operator solutions Q to (6.21). 
Moreover, 

dom {Lq) = ^ 


, then the selfadjoint extensions Lq of L are determined 


u 

-iB*u 


V 

-iB*v 


where 


G dom (L), u,v G N-i (A*B*), and v = Qu; and 

Lq 


X + u + v 


By -\- iu — iv 

y — iB*u + iB*v 


Ax + B*u — B*v 


( 6 . 22 ) 


(6.23) 
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Proof. On the domain 

dom (Lc) = {(fi + + Cip+ I (p e dom (L) , G Ni {L*)} , (6-24) 

we have 

Lc {p + tp++ Cii)+) = Lip + (6.25) 

Now apply this (6.22)-(6.23). Also see [DS88], and Remark 6.7. □ 

7. SeLFADJOINT EXTENSIONS OF SEMIBOUNDED OPERATORS 

Many “naive” treatments of linear operators in the physics literature are based on analogies 
to finite dimensions. They often result in paradoxes and inaccuracies as they miss some key is¬ 
sues intrinsic to unbounded operators, questions dealing with domains, closability, graphs, and 
in the symmetric case, the distinction between formally Hermitian and selfadjoint, deficiency 
indices, issues all inherent in infinite-dimensional analysis of unbounded operators and their 
extensions. Only when these questions are resolved for the particular application at hand, will 
we arrive at a rigorous spectral analysis, and get reliable predictions of scattering (from von 
Neumann’s Spectral Theorem); see e.g., [JPT14, J0r78]. Since measurements of the underlying 
observables, in prepared states, come from the projection valued measures, which are dictated 
by choices (i)-(ii) (see Section 1), these choices have direct physical significance. 

Let be a complex Hilbert space. Let A be an operator in with dom (A) = dense 
in such that 

\\p\\A'=iPi^p)>\\pf^ (7.1) 

The completion of ^ with respect to the || j|^-norm yields a Hilbert space M’a- Let 

J : M^a —> 1 Jp = P, 

be the inclusion map. It follows from (7.1) that 

l!^<^ll = ll<^ll<ll<^IU. (7-2) 

thus J is contractive, and so are J* J and JJ*. 

Remark 7.1. The inner product in is denoted by (t)^ with subscript A, as opposed to 
(•, •) for the original Hilbert space That is, 

(/,5)a:=(/> 715), V/,gG^. (7.3) 

Recall the adjoint operator J* : M’ — M’a, by 

{h,Jg) = {J*h,g)^, yhGM’,gGAfA- (7.4) 

Theorem 7.2. The operator (JJ*)~^ is unbounded, and is a selfadjoint extension of A, i.e., 

2 A. (7.5) 

Moreover, it coincides with the Friedrichs extension [DS88]. (See the diagram below.) 


,7 



J* 
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Proof. (7.5)<^=^ 

= Aif, Wip G 

t 

(fi =JJ*A(p, G 

t 

{'ip,(p) ={fj,JJ*Aip), V'(/>,(pG^. (7.6) 

For a pair ip, ip G ^ as in (7.6) , we have 

RHS(7.6) = by (7.4) 

= {JJ*ip,A(p) by (7.4) 

= {J*ip,(p)^ by (7.3), and J** = J from general theory 

= {tp,Jp) 

= (!/>, (^)=LHS(7.6) 

That (JJ*)~^ is selfadjoint follows from a general theorem of von Neumann (Theorem 2.10). 
See, e.g., [DS88]. {JJ*)~ is the Friedrichs extension of A. □ 

Let 5 be a sesquilinear form on .S C (linear in the second variable) such that: 

(i) ^ is a dense subspace in M’. 

(ii) q[ip,(p) > \\ip\\^, for all p G B. 

(iii) q is closed, i.e., ^ is a Hilbert space w.r.t. 

(V5,V')g := 9(<P,V'), and 

\W\\\ := 9(<^,'F) , Vv?,!/' e 

Corollary 7.3. There is a bijection between sesquilinear forms q on T2 G1 satisfying (i)- 
(iii), and selfadjoint operators A in Jif s.t. H > 1. Specifically, the correspondence is as 
follows: 

{!) Given A, set ^ := dom(A^), and 

q {(p,ip) := {A^ ip, A^ip), \/p,ip G dom{A^). (7.7) 

(2) Conversely, if q satisfies (i)-(iii), let J : .S ^ Jif be the inclusion map, and set 
A := then q is determined by the RHS of (7.7). 

Proof. The non-trivial part (2) ^ (1) follows from the proof of Theorem 7.2. □ 

Lemma 7.4. Let A be a semibounded operator as in (7.1), then A is essentially selfadjoint iff 
Al^ is dense in M’, i.e., ran{A) = . (Contrast, A = A** denotes the closure of A.) 

Proof. Follows from von Neumann’s deficiency index theory, and the assumption that A > 1 
(see (7.1).) □ 

By Lemma 7.4, if A is not essentially selfadjoint, then 


is contractive in ran (H) (proper subspace in Jif, i.e., not dense in J^.) 


(7.8) 



UNBOUNDED OPERATORS IN HILBERT SPACE, DUALITY RULES, CHARACTERISTIC PROJECTIONS, AND THEIR APPLICATI 


Proof that (7.8) is contractive: By (7.1), we have 

ll^^f < <11^=11 1171:^11 

(Schwarz) 

which implies ||:^|| < ||^:/5||, for all ^ Q). 

We have proved that CAp) = ip holds, and C is s.a. and contractive. 

Theorem 7.5 (Krein [Kre49, Kre48, CC74]). We introduce the set 

SSa :={B \B* = B, dom (B) = \\Bh\\ < ||/i|| (7.9) 

and C C B i.e., CA(p = BAp, \/p G St] see (7.8) }, 

then 7^ 0- 

Corollary 7.6. For all B G S^a, we have A C B~^ so B~^ is an unbounded selfadjoint 
extension of A. 

Remark 7.7. Krein studied 3Sa as an order lattice. Define Bi < B 2 meaning {h,Bih) < 
{h,B 2 h), Vh G . In the previous discussions we proved that JJ* G S§a- 


8. Application to graph Laplacians, infinite networks 


We now turn to a family of semibounded operators from mathematical physics. They arose 
first in the study of large (infinite) networks; and in these studies entail important choices of 
Hilbert spaces, and of selfadjoint realizations. The best known instance is perhaps systems of 
resistors on infinite graphs, see e.g., [DS84, JPIO, JPlla, JP13, JP14, BJ15]. An early paper 
is [Pow76] which uses an harmonic analysis of infinite systems of resistors in dealing with spin 
correlations of states of finite energy of the isotropic ferromagnetic Heisenberg model. 

For the discussion of the graph Laplacian A, we first introduce the following setting of 
infinite networks: 


• V: the vertex set, a given infinite countable discrete set. 

• E C V X y\ {diagonal} the edges, such that (xy) G E 
X GV , ff{y ^ x} < 00, where x ^ y means {xy) G E. 

• c : E ^ M+ a given conductance function. 

. Set 

(Au) (x) := c^y {u (x) - u (y)) , 

yr^x 

defined for all functions u on V, and let 


■(w) = Y^^y’ 2: e P. 


(yx) G E, and for all 

( 8 . 1 ) 

( 8 . 2 ) 


y~x 


,^E will be the Hilbert space of finite-energy functions on V ; more precisely. 


u G 


1 


Def. 




= 9 XI Ca,yW{x)-u{y)\^ <00. 


{xy)eE 


Set 


{u,v)j^^ = - Y Cxy{u{x)-u{y)){v{x)-v{y)). 


{xy)eE 


(8.3) 


(8.4) 


We assume that {V,E,c) is connected: For all pairs x,y G V, 3 (xi)((^Q C V s.t. 
xo = X, (xiXi+i) G E, Xn = y- 
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Lemma 8.1. Fix a base-point o G V. Then for all x G V, there is a unique Vx € such 


that 

fix)-f{o) = {vx,f)^^, y/GJifk; (8.5) 

The vertex Vx is called a dipole. 

Proof see [JP13, JT15]. □ 

Lemma 8.2. In J^e, we have 6x = c (x) Vx — J2yr^x ^xy^y, and 

I (t, I = Iv? (t) - (o)| < V2 \\ip\\i2 , 

Proof See [JPIO], □ 

Remark 8.3. Let (P), ^ = span{5x \ x G V}. Define the graph Laplacian A by (8.1). 

Let JHe be the energy-Hilbert space in (8.3). Then (7.1), (7.3) translate into: 

{Sx,ASx )2 = c{x) = \\Sx\\%j^ , and (8.6) 

{Sxj ^^y )2 ~ ^xy = (^x, ^y) , V {xy) G E, X ^ y. (8.7) 


Let be the completion of ^ = span{5x} with respect to {ip,A(p)p, ip G St. (We have 
{p,Ap)i 2 = IMle’j,, valid for Vv? G ^.) 

Conclusion. -I^e is an isometric inclusion, but as a subspace. The closure is 

Fin = ^eQ Harm, where Harm is the subspace of Harmonic functions h G M’e, i.e., A/i = 0. 


Definition 8.4. Two unbounded closable operators: 

The graph Laplacian is denoted by A 2 , as an operator in P; and by A^; when acting in 
J^E- In both cases, A is given by (8.1), defined for all functions u on P . 


Definition 8.5. Let (P, E, c) be as before. Fix a base-point 0 G P, and let Vx 
(see Lemma 8.1). Let 

= Vxo = dipole 

^2 = span {Jj,} C P 

( 8 . 8 ) 

9e = span{vx}x(zv\{o} ^ 

(8.9) 

Set 


K{5x) = 5x, 

( 8 . 10 ) 

Jl?E A &E l^ , L{Vx) = Sx — So- 

( 8 . 11 ) 

Lemma 8.6. We have 


{Kp,h)^^ = {p,Lh)i2, Mp G ^2,yhG 9 e- 

( 8 . 12 ) 


K 



^2CP J^E^ S>E 



K* 


Figure 8.1. dom{K) = 3 I 2 , dom{L) = ^e, K C L*, and L C K*. 





UNBOUNDED OPERATORS IN HILBERT SPACE, DUALITY RULES, CHARACTERISTIC PROJECTIONS, AND THEIR APPLICATI 


Proof. Note K : P ^ J^e has dense domain ^2 in P', and J : J^e —t P has dense domain in 
JifE- Moreover, it follows from (8.12) that 

(i) K C L*, hence dom(L*) is dense in P\ and 

(ii) L C K*, so dom{K*) is dense in J^e- Also, both K and L are closable. See Figure 8.1. 
Proof of (8.12): Use (8.1) and linearity to see that it is enough to consider the special case 

when (/? = 6 x, h = Vy, so we must prove that the following holds (t, y € V): 

{K5x,Vy) = {Sx,LVy)2- (8.13) 

Note that 


LHS(8.i3) 


RHS(8.i3) 


{Sx,Vy) 

by (8.10) 

Sx (y) - Sx (o) 

using the dipole property of v., 

Sxy Sxo, 


{Sx,Sy - 60)2 

by (8.11) 

Sxy Sxo- 



Thus (8.13) holds. 


□ 


Corollary 8.7. The two operators below are well-defined, and selfadjoint: 

K*K is s.a. in P, and (8-14) 

L*L is s.a. in J^e, (8.15) 

and both with dense domains. Here, ~ refers to the respective graph closures, and * to adjoint 
operators, i.e., K* : M’e — > P, and L* : P — > J^e! both operators with dense domains, by 
( 8 . 12 ). 

Moreover, (8.1j)-(8.15) are selfadjoint extensions 

A 2 C K*K in P, and Ae C L*L in Jiff:- (8.16) 

In fact, A 2 = K*K (non-trivial; see [Jor08, JPllb].^ 

Proof. Conclusions (8.14)-(8.15) follow from general theory; see Theorem 2.10. To show 

AeCL*L (8.17) 

we must prove that 

L*Lvx = Sx - So{= AeVx) , Va;eV'\{o}. (8.18) 

We have more: K = L*, and L = K*, but this is because we have that A 2 is essentially 
selfadjoint. 

To establish (8.18), we must prove that the following equation holds: 

{Vy,L LVx) = {Vy,Sx — ; y ^ O. 


LHS(8.19) 


- (TUy,Z/'Pa;)2 

= {Sy - 6 o,Sx - 60)2 (by (8.11)) 
— dxy dxo ^yo “f *^oo — dxy “t“ 1, 


RHS(8.i9) = {Sx - So) {y) - {5x - So) (o) = Sxy + 1. 


Note that 


(8.19) 
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Now, using J = K*, we can show that Harm C dom {L*L) 
which means that L*L is the Krein extension of Ae- 


dom {L*K*), and L*Lh = 0, 

□ 


Application of Theorem 4.1. Set = P {V), J ^2 = and let 

^ := ^2 = span , and 

:= 9e = span{voo}^^v\[^y ; 

see ( 8 . 8 ) & (8.9). Then the axioms (i)<^=^(ii) in Theorem 4.1 hold. Note the only non-trivial 
part is the dense subspace C (= J^e)- 

Claim 8 . 8 . The condition in (4.2) holds; i.e., for all h = Vx & S>e, there exists Cx < oo s.t. 

\{^,Vx}_^J<Cx\\ip\\i2, Wipe (8.20) 

Proof of (8.20). We have 

LHS(8.20) = \ 

= \v{x)-ip{o)\ by (8.5) 

= - ^o)/2| 

< \\p\\i 2 ll^a; — SoWp by Schwarz’ inequality 

= y^\\p\\i2 , V<p e 

and so we may take Cx = a/S. Q 

Remark 8.9. For the setting in Theorem 4.1 with ^ C n note that the respective 
norms H’ljj on M’i, i = 1,2, induce norms H-Hj on It is important that the conclusion in 
Theorem 4.1 is valid even when the two norms are not comparable; i.e., in general there are 
no finite constants C, D (< oo) such that 

llv^lli < C'||(/5||2, V(pG^;or 
\\p\\2< D\\(p\\j^, ypGS>. 

For the application above in Corollary 8.7, the two Hilbert spaces are: 

• = '^E (the energy Hilbert space determined from a fixed conductance function c), 

with ^ = span{6x \ x GV}. 

Indeed, let x i—t c(a;) be the total conductance; see (8.2), then 

\\Sx\\%^=c{x) and |j 4 ||p = l, 

so (8.22) does not hold when c(-) is unbounded on V. (To see this, take p = Sx.) 

From the analysis above, and [JT15, JPllb] there are many examples such that specp (A 2 ) = 
[0, 00 ). One checks that in these examples, the estimate (8.21) also will not hold for any finite 
constant C, i.e., Ij-H^ = and 11-112 = II’ll 


( 8 . 21 ) 

( 8 . 22 ) 
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A 

A* 


Application of Theorem 6.1. We apply the general symmetric pair {A,B) to {V,E,c): 

A 

Jn jTa P {V) 

B 

Notation: 


■ 


• ^ = span {i5a; I cc e y\ {o}} = finitely supported functions on V\ {o} 

. P:=P{V\{o}) 

• JifE = the corresponding energy Hilbert space 

. = ^2) 

The pair {A, B) is maximal, where A and B are defined as follows: 

P 9 -—A 5x = c (x) Vx — CxyVy G J^E (Lemma. 8.2) ; 


yr^x 


'APe 9 Vx 


Sx — 5o G P, i.e., B = A. 


(8.23) 

(8.24) 


Then C fi J^e, and both inclusions are isometric. 


Define L = 


0 B 
A 0 


on = P Q J^E, where 


dom (L) := 


p G S!, f G dom (A) > , and 


T 


Bf 


A/ 

, V 


f 


Ap 


T 

f 


€ dom (L). 


(8.25) 

(8.26) 


It follows that L is a Hermitian symmetric operator in , i.e., L C L*, but we must have: 

Theorem 8.10. The operator L in (8.26) is essentially self adjoint in the Hilbert space JP, 
i.e., it has deficiency indices (d+,d_) = (0,0). 


Proof. Step 1. We have 
so that A C B* and B C A*. 

Step 2. Define L as in (8.25)-(8.26). For the adjoint operator, set L* = 


0 A* 
B* 0 


dom (L* ) = 
L 


dom (B*) 
dom (A*) 


hi 


'A*h2 

_^2 


B*hi 


, and 

hi G P, Z12 G At^E. 

So we must be precise about A* and B*, and we shall need the following: 
Lemma 8.11. The domains of A* and B* are as follows: 

dom {A*) = {/ G I 3Cf < 00 s.t. 

<Cf Ml = CfY,\p,\^}; 


(8.27) 

with 

(8.28) 

(8.29) 

□ 


(8.30) 
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and 

dom {B*) G P I 3Ccp < oo s.t. 

|(^,A/),.|'<C^||/||^^, V/G A/eZ^}. (8.31) 

Proof. See the definitions and (8.27). □ 

Remark 8.12. It is convenient to use A to act on all functions, and later to adjoint domains. 
See the definition in (8.1), i.e., 

(Am) [x) := ^ Cxy (u (x) — u (y)) , / G {V) (= all functions). (8.32) 

y~x 


Proof of Theorem 8.10 continued. 

A* 

Step 3. Recall that dom {A*) C and dom{B*) <Z f". P ^ ^ .I^e ■ It follows from 

B* 

Lemma 8.11, that 

{A*f) {x) = (A/) (x ), V/ G dom (A*), x G V, and (8.33) 

B* ip = ip G J^E, Vv? G dom (B*). (8.34) 

in P 


Note both sides of (8.34) are interpreted as functions on V and the condition on (p to be in 
dom (B*) is that ^ ^ Ccy {<p (x) — (p (y)) < oo, and also Tx < 

{xy)GE 

Step 4. Now consider A (in (8.32), see Remark 8.12), then the two eigenvalue problems: 


(B*A*f = -f\ (Af = -f\ 

\A*B*ip = -(p) IA:^ = -t] 


(8.35) 


where / G M’e, A/ G P, and ip G l'^ O J^e- 

Apply the two isomorphisms from the general theory (see (6.6)). But (8.35) only has the 
solution (p = 0 in P. The fact that (8.35) does not have non-zero solutions follows from 


[Jor08, JPllb]. So we have L 


0 B 
A 0 


essentially selfadjoint. Indeed, this holds in the 


general case. 

Step 5. The deficiency indices of the operator L. With the definitions. 


'0 B 

T 



'Bf 


A/ 

A 0 

7 ^ 



Aip 


. T . 


where tp G P, f G Jifs are in the suitable domains s.t. 

2 


= I|A/||;2 + < OO 


(8.36) 


So G P n J^E , f G Aifs, A/ G P defines the domain of L as an operator in JtG = 
we proved that L is selfadjoint, so indices (0, 0). 



and 

□ 
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Corollary 8.13. Viewing L as a selfadjoint operator, it follows from (8.36) that 


dom (L) = 


1 

‘P 

G 

r p 1 

© 

1 

/. 




g) G f A/ G 
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